Abstract: Feature extraction methods have been used to extract location features for indoor positioning in wireless local area networks. However, existing methods, such as linear discriminant analysis and principal component analysis, all suffer from the multimodal property of signal distribution. This paper proposes a novel method, based on enhanced local fisher discriminant analysis (LFDA). First, LFDA is proposed to extract discriminative location features. It maximizes between-class separability while preserving within-class local structure of signal space, thereby guaranteeing maximal discriminative information involved in positioning. Then, the generalization ability of LFDA is further enhanced using signal perturbation, which generates more number of representative training samples. Experimental results in realistic indoor environment show that, compared with previous feature extraction methods, the proposed method reduces the mean and standard deviation of positing error by 23.9% and 33.0%, respectively.
Introduction
Due to the pervasively availabilities of wireless local area network (WLAN) infrastructures and mobile devices, the WLAN indoor positioning technique has been attracting extensive attention from both academics and industries. WLAN positioning [1] relies on the distinct received signal strength (RSS) patterns among different physical locations. Since RSS values from multiple access points (AP) can be collected by wireless cards available on most mobile devices, no additional hardware is required, except for existing WLAN infrastructures. The accurate indoor location estimation enables substantial location-based services (LBS), including object navigation and finding, public security, and event detection [2, 3] . Currently, fingerprinting is the most popular WLAN positioning approach [4] [5] [6] [7] . This approach collects RSS values at reference points to generate a database called radiomap in the offline phase. Then, in the online phase, it compares real-time collected RSS values with the radiomap by pattern matching algorithms, such as weighted K-nearest neighbor (WKNN) [8, 9] , maximum likelihood estimation (MLE) [10] , and artificial neural network (ANN) [11] .
To preserve the user's privacy, though more device resources, such as device battery, are consumed, most users tend to implement the location estimation on their devices, rather than on a server. Moreover, due to various wireless indoor propagation factors [12, 13] , such as multipath effect, interference, and none-line-of-sight propagation, RSS signals show highly uncertainty and multimodality. Thus, it is a difficult task to achieve high positioning accuracy while reduce the computation cost on resource limited devices. A direct and efficient way to improve positioning accuracy is to deploy as many APs as possible, because each AP may provide a different view to distinguish different physical locations. In many public indoor environments, such as shopping mall, museum and hospital, there may be a lot of APs available. Though a large number of APs introduced is beneficial to positioning accuracy, directly taking RSS vectors as input features may incur "curse of dimensionality" problem. Particularly, substantial redundancy among APs with correlated location information may incur the overfitting problem, and increases the computation cost greatly. In addition, significant signal noise contained in some APs may be introduced as well and they decreases the accuracy.
To solve the "curse of dimensionality" problem, existing methods can be generally categorized into two classes: AP selection [14] and feature extraction [15] . In the former, several criterions, including Fisher criterion [16] and mutual information gain criterion [17] , have been proposed to select the most important APs. In the latter, rather than discard some APs, some feature extraction methods have been proposed to project the original RSS signals into a feature space based on different criterions. Considering the substantial redundancy among correlated APs, principal component analysis (PCA) [18, 19] is firstly deployed to obtain more compact location features in a decorrelated space. Then, in order to extract more discriminative features for indoor positioning, linear discriminant analysis (LDA) [20, 21] is proposed to extract the separate location features. Recently, kernel canonical correlation analysis (KCCA) [22] and kernel direct discriminant analysis (KDDA) [23] have been proposed to extract the location features in a kernel induced feature space. Though adapting the nonlinearity of RSS signals, KCCA and KDDA are both kernel-based methods and incur high computation cost. More importantly, existing methods all ignore the multimodality [24, 25] of RSS distributions, and thus the degraded positioning accuracy is obtained.
This paper proposes a novel positioning method based on enhanced local fisher discriminant analysis (E-LFDA). First, LFDA [26] , a localized variant of the LDA method, is proposed to maximally extract discriminative location information. In contrast to LDA, LFDA further preserves the withinclass local structure of signal space and thus obtaining more separate location features. Second, a perturbation method is proposed to further enhance the performance of LFDA. Generally, the number of training samples is always limited, since RSS samples collection is a time-consuming work. Through perturbation method, more number of representative samples is generated and thus improving the generalization ability of LFDA. Our experiments in realistic indoor environment demonstrate that, the proposed E-LFDA method achieves significant accuracy improvement than classical feature extraction methods including LDA and PCA.
Proposed E-LFDA Method for WLAN Indoor Positioning

Motivation
Fingerprinting positioning can be considered as a multiclass classification problem. Each reference point can be labeled as one class by related RSS samples. The whole process of location estimation can be regarded as classifying the real-time RSS samples into the right classes. Therefore, compared with PCA, LDA performs better, since more discriminative features can be extracted. LDA maximizes the between-class distance while constraining the within-class distance into a certain extent. When RSS distributions are Gaussian or semi-Gaussian, LDA performs well [27] . However, in a realistic wireless propagation environment, non-Gaussian and multimodal distributions can be always observed. For example, due to the antenna diversity [28] or multipath effect, RSS distribution from one AP at a fixed location may show more than one peak or cluster, as seen in Figure 1 . For multimodal RSS samples at some reference point, LDA may merge the multimodal data into a single cluster by constraining the within-class distance into a small value. This rigorous constraint may decrease the degree of freedom left for increasing feature separability, and, thus, degrade the classification ability of location features extracted by LDA. Compared with LDA, LFDA gives a less restrictive constraint, because faraway pairs of within-class samples are not imposed to be close. Thus, a larger degree of freedom is left for LFDA to maximize the between-class scatter and more discriminative features than LDA are extracted. Furthermore, due to the highly uncertainty and multimodality properties of RSS signal, a large number of RSS samples are required at reference points to characterize these properties [29, 30] . It is well known that the generalization ability is mainly determined by the ratio of training sample size to feature dimensions in machine learning and pattern recognition. For the deployed LFDA method, it is prone to data sampling density as well [26] , especially when the dimension of input signal space is high. Therefore, in order to improve the performance of LFDA, it is necessary to increase the number of training RSS samples. To address this issue, an intuitive way is to increase the number of samples collected during offline phase. However, samples collection is a time-consuming work, especially for a large-scale target environment. Therefore, we propose a signal perturbation method to increase the number of training samples without adding offline data collection effort.
Overview of the Proposed E-LFDA Method
The proposed E-LFDA method deploys the most popular fingerprinting approach [4] [5] [6] [7] . It consists of two phases: offline phase and online phase. Figure 2 shows the overview of the proposed E-LFDA method.
During the offline phase, more numbers of representative training samples are generated by signal perturbation and LFDA based transformation matrix is obtained. Firstly, RSS samples at different reference points are collected and stored to create the radiomap. Secondly, the number of training samples is increased by signal perturbation at each reference point. Thirdly, based on enlarged radiomap, transformation matrix A (size m d  ) is obtained by LFDA. Finally, the new radiomap comprising extracted location features are constructed. For the m -dimensional RSS sample i x in radiomap, d -dimensional location feature vector is given:
During the online phase, real-time RSS sample is collected by client device and the location is estimated based on pre-stored radiomap. Firstly, based on real-time RSS sample  x , the real-time location feature T    y A x is obtained. Secondly, compute the Euclidean distance between real-time location feature  y and pre-stored mean location feature of the th i reference point:
where n is the number of reference points, and i y is the related mean location feature vector.
Finally, the ultimate coordinate vector  z is estimated by weighting the K nearest reference points:
where i d  is the normalized Euclidean distance, and i z is the coordinate vector of the related K nearest reference point. Furthermore, due to the highly uncertainty and multimodality properties of RSS signal, a large number of RSS samples are required at reference points to characterize these properties [29, 30] . It is well known that the generalization ability is mainly determined by the ratio of training sample size to feature dimensions in machine learning and pattern recognition. For the deployed LFDA method, it is prone to data sampling density as well [26] , especially when the dimension of input signal space is high. Therefore, in order to improve the performance of LFDA, it is necessary to increase the number of training RSS samples. To address this issue, an intuitive way is to increase the number of samples collected during offline phase. However, samples collection is a time-consuming work, especially for a large-scale target environment. Therefore, we propose a signal perturbation method to increase the number of training samples without adding offline data collection effort.
During the offline phase, more numbers of representative training samples are generated by signal perturbation and LFDA based transformation matrix is obtained. Firstly, RSS samples at different reference points are collected and stored to create the radiomap. Secondly, the number of training samples is increased by signal perturbation at each reference point. Thirdly, based on enlarged radiomap, transformation matrix A (size mˆd) is obtained by LFDA. Finally, the new radiomap comprising extracted location features are constructed. For the m-dimensional RSS sample x i in radiomap, d-dimensional location feature vector is given:
During the online phase, real-time RSS sample is collected by client device and the location is estimated based on pre-stored radiomap. Firstly, based on real-time RSS sample x 1 , the real-time location feature y 1 " A T x 1 is obtained. Secondly, compute the Euclidean distance between real-time location feature y 1 and pre-stored mean location feature of the ith reference point:
where n is the number of reference points, and y i is the related mean location feature vector. Finally, the ultimate coordinate vector z 1 is estimated by weighting the K nearest reference points:
where r d i is the normalized Euclidean distance, and z i is the coordinate vector of the related K nearest reference point. 
LFDA for Location Feature Extraction
Assume that
N is the number of RSS samples at reference point l , and n is the total number of reference points, respectively. LFDA finds the transformation matrix   
where N is the total number of RSS samples, 
The optimization problem in Equation (3) can be solved as a generalized eigenvalue problem:
According to Equation (3), LFDA maximizes the between-class distance while keeping local within-class variance to a certain level. Compared with LDA constraining the within-class data into a single cluster, LFDA gives a less restrictive constraint, because only the neighbor samples are imposed to be close, and the faraway pairs of within-class samples are neglected. Therefore, a larger degree of freedom is left for LFDA to enhance the discrimination power of the extracted location features.
Additionally, for LFDA, it is important to choose an appropriate feature dimension, the value of d . As seen in Equation (9), the transformation vector i a of each feature dimension corresponds to an eigenvalue i  . Furthermore, Equation (9) can be transformed into: 
Assume that x i P R m pi " 1,¨¨¨, Nq is m-dimensional RSS sample collected at related reference points l i P t1, 2,¨¨¨, nu, N l is the number of RSS samples at reference point l, and n is the total number of reference points, respectively. LFDA finds the transformation matrix A " ra 1 , a 2 , . . . , a d s as follows:
where S plwq and S plbq are the local within-class and between-class scatter matrices, respectively:
where N is the total number of RSS samples, W i,j measures the similarity between x i and x j . If x i and x j are "close", i.e., x i is one of the k nearest neighbors of x j or vice versa, then:
otherwise W i,j " 0. The optimization problem in Equation (3) can be solved as a generalized eigenvalue problem:
Additionally, for LFDA, it is important to choose an appropriate feature dimension, the value of d. As seen in Equation (9), the transformation vector a i of each feature dimension corresponds to an eigenvalue λ i . Furthermore, Equation (9) can be transformed into:
where the numerator and denominator measure the between-class separability and the local withinclass variance, respectively. Therefore, under a certain local within-class variance, the discriminative information quantity contained in each feature dimension may be measured by the associated eigenvalue. The larger the eigenvalue, the stronger discrimination power feature dimension has. We determine the value of d by the cumulative percentage of obtained eigenvalues:
where α˚is a cutoff threshold, which represents the percentage of total discriminative information that selected dimensions exceed. During offline training phase, an appropriate value of α˚can be found and used to find feature dimension, which is set as the smallest value that satisfying Equation (11).
Signal Perturbation for LFDA
The proposed signal perturbation method aims to generate more number of useful training samples for LFDA. We discover that, due to the high-dimensionality and uncertainty of RSS signals, the number of RSS training samples is not sufficient to include all useful samples, even for the most representative samples consisting of the most likely received RSS value from all APs. Denote all the N S RSS samples collected at the reference point as a set C " x 1 , x 2 ,¨¨¨, x N S ( , where
is the sample vector with RSS values collected from m APs. RSS values from the jth AP comprise the
. Assuming that the probability of the most likely received RSS value from jth AP is P j max , the probability of the most representative RSS sample occurs in set C can be given as:
Assuming that there are 10 APs (m " 10) available in target environment, the probability of the most likely received RSS values for all APs equals to 0.4 (P j max " 0.4, j " 1, . . . , 10), and the number of RSS samples is 100 (N S " 100), the probability for the most representative training sample is only about 0.01 (P max " 0.01). Thus, we propose a signal perturbation method to generate more number of representative RSS samples, which may be absent in original RSS sample set.
The proposed signal perturbation method is founded on the following two assumptions:
‚ For a realistic RSS vector sample, the probability of all the samples in the set C j is identical; ‚ The existing probability of RSS values from any two APs is independent to each other.
The process of the proposed signal perturbation method can be given as follows: Firstly, we randomly select a RSS value from the set C j , repeat this process over all the m sets of the related m APs, and then a new RSS training sample is generated by comprising the m randomly selected RSS values. Secondly, repeat the above process and generate more training samples for each reference point. Finally, by combining the new generated samples with the original ones, an enlarged radio map is produced and can be deployed to enhance the performance of LFDA. Note that all the computations of signal perturbation are achieved during offline phase, no additional computation cost is required during online phase on mobile devices.
Evaluation
Experimental Setup
We performed our experiments in a classical WLAN indoor environment, an open office room with 9 mˆ8 mˆ3 m (lengthˆwidthˆheight), as shown in Figure 3 . There were a total of eleven APs available with one AP in the room and the other APs from adjacent area of the same floor with none-line-of-sight signal propagation. We collected 100 RSS samples at each reference point with a total of 72 reference points. Each reference point was separated by about one meter. A total of 56 test points with related 5600 testing samples were collected at different locations to test the positioning accuracy. All reference and test points were collected on the two dimensional horizontal floor. We deploy the error distance as the performance metric, which is Euclidean distance between the true coordinate and the estimated one. The cumulative probability distribution of error distance was defined as positioning accuracy. To determine tunable parameters of the proposed E-LFDA method, five-fold cross validation was used during offline training phase. We also carried and compared WKNN, ANN, MLE, PCA, LDA and LFDA (proposed E-LFDA without signal perturbation) method. The number of training RSS samples per reference point was added from 100 to 1000 by the proposed signal perturbation method. In our future work, we will test our approach in some more complicated and larger-scale indoor environments, and also in some public testbeds and datasets, such as UJIIndoorLoc [31] . Future Internet 2016, 8, 8 6 of 11 line-of-sight signal propagation. We collected 100 RSS samples at each reference point with a total of 72 reference points. Each reference point was separated by about one meter. A total of 56 test points with related 5600 testing samples were collected at different locations to test the positioning accuracy. All reference and test points were collected on the two dimensional horizontal floor. We deploy the error distance as the performance metric, which is Euclidean distance between the true coordinate and the estimated one. The cumulative probability distribution of error distance was defined as positioning accuracy. To determine tunable parameters of the proposed E-LFDA method, five-fold cross validation was used during offline training phase. We also carried and compared WKNN, ANN, MLE, PCA, LDA and LFDA (proposed E-LFDA without signal perturbation) method. The number of training RSS samples per reference point was added from 100 to 1000 by the proposed signal perturbation method. In our future work, we will test our approach in some more complicated and larger-scale indoor environments, and also in some public testbeds and datasets, such as UJIIndoorLoc [31] . 
Positioning Accuracy Comparison
This section compares the performance of E-LFDA with the widely used WKNN, MLE, and ANN method. LFDA without signal perturbation is also compared. As seen in Table 1 , for E-LFDA, the accuracy within 2 m is 75.2%, while those of LFDA, LDA, PCA, MLE, WKNN and ANN are 68.8%, 62.7%, 60.1%, 58.3%, 54.8% and 56.4%, respectively. The accuracy within 3 m of E-LFDA is 86.1%, while those of LFDA, LDA, PCA, MLE, WKNN and ANN are 80.2%, 75.3%, 73.6%, 70.7%, 67.4% and 69.2%, respectively. Figure 4 shows the positioning accuracy of compared methods more clearly. MLE obtains higher positioning accuracy than WKNN and ANN, since the RSS signal probability distribution information at each reference point is sufficiently explored. Unlike MLE method deploying original RSS signals, LDA and PCA improve accuracy by extracting useful location features and discarding redundancy. Particularly, LDA performs slightly better than PCA by further exploring the discrimination information in RSS signal space. The proposed E-LFDA method achieves significant performance improvement than LDA. Only the mean positioning errors of the proposed LFDA and E-LFDA are within 2 m. That is because LFDA adapts the multimodality of RSS signals better than LDA. LFDA preserves the within-class local structure of RSS signal while maximizes the between-class separability. In our experiments, signal perturbation is used to increase the number of RSS training samples from 100 to 1000. By generating new useful RSS training samples, the generalization ability of LFDA is further enhanced. The best performance is achieved by E-LFDA method. Compared with LDA and PCA, E-LFDA reduces the mean and standard deviation of positioning error by 23.9% and 33.0%, respectively. 
Effect of Feature Dimensions on Positioning Accuracy
This section reports the effect of feature dimensions on positioning accuracy. For each feature extraction method, the location information is reorganized in terms of feature dimensions. LFDA and LDA aim to extract the location features maximizing the separability between different classes, whereas PCA extracts the location features of large variance. Figure 5 compares accuracy within 2 m versus feature dimensions between different feature extraction methods, including LFDA, LDA, and PCA. The best accuracy within 2 m of LFDA, LDA and PCA are 68.8%, 62.7% and 60.1%, with related optimal dimensions being 3, 4, and 6, respectively. As seen in Figure 5 , accuracy of LFDA first rapidly reaches the best performance and then gradually decreases. That is because, the latter added feature dimensions contain less discriminative information while more signal noise is introduced.
As stated in Section 2.3 and Equation (10), the cumulative percentage of eigenvalues directly indicates the quantity of discrimination power or feature variance. Figure 6 shows cumulative percentage of eigenvalues versus feature dimensions. As seen in Figure 6 , the first three dimensions in LFDA already contributes 88.9% cumulative percentage of eigenvalues, higher than those of LDA and PCA with the first four and six dimensions, respectively. This also supports that the feature separability of LFDA is stronger than those of LDA and PCA. Additionally, during offline parameter tuning in experiments, setting cutoff threshold of the cumulative percentage of eigenvalues *  somewhere between 85% and 95% is feasible, since most of the discriminative information is preserved while discarding noise information. In addition, compared with using original RSS signals, LFDA reduces the feature dimension from 11 to 3, and, thus, reduces the computation cost greatly. 
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Effect of Signal Perturbation on Positioning Accuracy
Online Computation Cost Comparison
We compare the online computation cost of the proposed method with the widely used WKNN method, which has a relatively small computation cost. Since the computations of signal perturbation and transformation matrix can be carried during offline phase, online computation cost required by E-LFDA is the feature extraction and pattern matching processes. Denote the number of APs used, total number of reference points, and the related optimal feature dimension as m , n and d . The number of the matched nearest reference points K is set to five. For E-LFDA, LDA, and PCA, the number of multiplications and additions required are Figure 8 , the proposed E-LFDA method reduces the number of multiplications than those of LDA, PCA and WKNN by 20.0%, 42.8%, and 62.0%, respectively. This is because the feature dimension involved in E-LFDA method is only three, much less than those of LDA, PCA with four and six and WKNN using all eleven APs. 
Conclusions
This paper proposes a novel approach based on enhanced LFDA to improve WLAN indoor positioning accuracy. Like other feature extraction methods such as LDA, LFDA is used to extract useful location information from high-dimensional RSS signal space. However, LFDA adapts the multimodal property of RSS signal better than previous methods, because the within-class local structure is preserved and thus giving more freedom to maximize between-class separability. Furthermore, a signal perturbation method is proposed and combined to enhance the performance 
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Conclusions
This paper proposes a novel approach based on enhanced LFDA to improve WLAN indoor positioning accuracy. Like other feature extraction methods such as LDA, LFDA is used to extract useful location information from high-dimensional RSS signal space. However, LFDA adapts the multimodal property of RSS signal better than previous methods, because the within-class local structure is preserved and thus giving more freedom to maximize between-class separability. Furthermore, a signal perturbation method is proposed and combined to enhance the performance of LFDA. The signal perturbation method generates more number of representative and useful training samples for LFDA and hence enhancing its generalization ability. LDA, PCA, WKNN, MLE and ANN methods are carried and compared with the proposed E-LFDA in realistic WLAN indoor environment. Experimental results show that, compared with previous feature extraction methods, the proposed method increases the accuracy within 2 m from 62.7% to 75.2% and reduces the mean and standard deviation of positing error by 23.9% and 33.0%, respectively.
